Optical excitations in hexagonal nanonetwork materials, for example, Boron-Nitride (BN) sheets and nanotubes, are investigated theoretically. The bonding of BN systems is positively polarized at the B site, and is negatively polarized at the N site. There is a permanent electric dipole moment along the BN bond, whose direction is from the B site to the N site. When the exciton hopping integral is restricted to the nearest neighbors, the flat band of the exciton appears at the lowest energy. The higher optical excitations have excitation bands similar to the electronic bands of graphene planes and carbon nanotubes. The symmetry of the flat exciton band is optically forbidden, indicating that the excitons related to this band will show quite long lifetime which will cause strong luminescence properties.
I. Introduction
The hexagonal nanonetwork materials composed of atoms with ionic characters, for example, Boron-Nitride (BN) sheets and nanotubes [1, 2] , have been investigated intensively. They are intrinsically insulators with the energy gap of about 4 eV as the preceding band calculations have indicated [3, 4] . The possible photogalvanic effects depending on the chiralities of BN nanotubes have been proposed by the model calculation [5] . Even though optical measurements on the BN systems have not been reported so much, it is quite interesting to predict condensed matter properties of the hexagonal nanonetwork materials.
In this paper, we investigate optical excitation properties in BN systems. The bonding is positively polarized at the B site, and is negatively polarized at the N site. There is a permanent electric dipole moment along the BN bond, whose direction is from the B site to the N site.
The presence of the dipole moments will give rise to strong excitonic properties as illustrated in Fig. 1 . The energy of the highest occupied atomic orbital of N is larger than that of B, and the energy of the lowest unoccupied orbital of B is smaller than that of N. Low energy optical excitations are the excitations of the electron-hole pairs between the higher occupied states of N and the lower unoccupied states of B atoms.
In the following, we will discuss optical excitations in hexagonal nanonetwork materials: BN sheets and nanotubes. We will show that the flat band of the exciton, which is optically forbidden, appears at the lowest energy. The excitons relaxed to this band might show quite long lifetime which will cause strong luminescence properties.
Excitons on the Kagomé lattice are discussed in the next section. We explain symmetries of lowest exciton bands in Sec. III. We discuss the result in Sec. IV. The paper is closed with a summary in Sec. V.
II. Excitons on the Kagomé lattice
The interactions between the electric dipole moment along the BN bond will have the strongest interaction strengths, when the exciton hopping integral is restricted to the nearest neighboring dipoles. In Fig. 2 (a) , the B and N atoms are represented by full and open circles, respectively.
The several arrows show the directions of dipole moments. The nearest neighbor interaction J is apparently repulsive, meaning that J is positive. The interactions are present along the thin lines of Fig. 2 (a) . After the extraction of the interactions J, there remains the twodimensional Kagomé lattice which is shown in Fig. 2 (b) . Therefore, we obtain the optical excitation hamiltonian as follows:
where the indeces i and j mean the vertex points of the Kagomé lattice, and the sum is taken over the nearest neighbor pairs i, j . The unit cell in the Kagomé lattice has three lattice points, namely, 1, 2, and 3, which are shown in Fig. 2 (b) .
The model has the following three eigenenergies in terms of wavenumbers k = (k x , k y ):
where the two dimensional x-y axes are defined as usual in Fig. 2 , and b = √ 3a is the unit cell length of the Kagomé lattice in Fig. 2 (b) , and a is the bond length of Fig. 2 (a) . We find that there appears a dispersionless band with the lowest energy −2J. The other two bands have dispersions which are similar to those of the two dimensional network of electrons on the graphite [6] . In fact, when the electron hopping integral of the graphite is denoted as t, the dispersion is:
Note that the x-and y-axes are interchanged from the definitions which have been used in the reference [6] .
Such the appearance of the flat band, for example, in the Kagomé lattice, has been discussed with the possibility of ferromagnetism in the literatures [7, 8] . In the present case, the lowest optical excitation band becomes flat in the honeycomb BN plane. When the BN plane is rolled up into nanotubes, the flat band is dispersionless too. Even after possible weak long-distance interactions are taken into account, the originally flat exciton band has strong optical density originating from the huge density of states due to the weak dispersive character.
III. Symmetries of wavefunctions
In order to discuss how the excitons appear in optical experiments, it is necessary to look at symmetries of wavefunctions at least. The most interesting part is the wavefunctions of the lowest excitons with the energy −2J.
By solving the eigenvalue problem for the energy E = −2J:
we obtain the following solution for k = (k x , k y ),
where A k is a normalization constant. In the limit k x → +0 and k y = 0, the solution becomes
-4 -Also, in the limit k x = 0 and k y → +0, the solution becomes
The eigenenergies Eq. (2) are twofold degenerate at E = −2J and k = (0, 0). These two limiting cases correspond to each eigenenergy. The symmetry of the solution Eq. (6) is shown in Fig. 3 (a) , and that of the solution Eq. (7) is displayed in Fig. 3 (b) . We find that both wavefunctions are symmetric with respect to spatial inversion, and therefore they have the symmetry gerade. The transition to the lowest exciton is optically forbidden. The forbidden exciton state indicates that excitons relaxed to this lowest exciton band will show quite long lifetime which will cause strong luminescence properties. In addition, the lowest energy excitons will have huge density of state due to their flatness of the band. These properties might result in interesting optical measurements in hexagonal nanonetwork materials.
IV. Discussion
The optically forbidden transition is known in the C 60 molecules [9] . The luminescence from the lowest exciton has long lifetime due to the forbidden transition nature. We have analyzed possible phonon coupling in the luminescence spectra [10] .
The similar formalism to this paper could be applied to systems with honeycomb or Kagomé network materials, where neighboring interactions with dipoles are effective.
V. Summary
Optical excitations in BN sheets and nanotubes have been investigated theoretically. We have shown that the flat band of the exciton, which is optically forbidden, appears at the lowest energy. The excitons relaxed to this band might show quite long lifetime which will cause strong luminescence properties. 
